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Abstract. Connections of KP, qKP, and Moyal type dKP constructions are developed. 
Some expansion of the Moyal KP constructions of Kemmoku-Saito is given with clarifica- 
tion of the role of spectral variables as a phase space. 



1. INTRODUCTION 

This is a kind of sequel to with connections to integrable systems. It is partially 
expository, clarifying the exposition in fsl based on work of Kemmoku and Saito |Ml 



33, 34 1, and some new aspects are indicated concerning q- integrable systems and Moyal 
deformations. In Q we showed how a certain phase space discretization in |31, ^ 
is related to a q-discretization leading to a new q- Moyal type bracket. We discuss here, 
following |31, 33], also an analogous q-discretization for KP related functions A(z,Q = 
QmnZ^^C^ with spcctral variables {z, () as phase space entities. The version in^P] is 
expanded and clarified. We also indicate some features of q-KP following [p], |3|, [l5|, 29, p0[^|59[ 
and describe connections to dispersionless theories and Moyal following p7[7|56|. 

2. BACKGROUND AND ORIENTATION 

We run in parallel here the phase space discretization of |3^ , as expanded in |||, , 

together with the KP variants of |31, ^] as described in (with some correction of typos, 
etc.). Thus for the phase space picture involving x = {x,p) one has (/ = f{x,p)) 

(2.1) xf = J daida2Vx[f]{x,p,ai,a2)Va; Va = jSinh{X'^aidi); 



A3 



(2.2) Xf = ^^jd^j dbe-^(-b)Vb/Va; Xfg = {/,5}m; [Xf^Xf]h = X^,,^^^^ 
A variation of this in a q-lattice was developed in Q (cf. also |l^) involving 

(2.3) Xf = Y,v,[f]{x,p,m,n)Vran: v,[f] = Y,q'^'-'''f{q'x,q'py, 



h 
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j^D ^ J_ ms-nr [f{<fx,q''p) - f{q ''x,q p)][g jq"' X , q"- p) - g {q '^x,q »] 

2xp ^ ^ (q"' - q-"')(q'^ - q'"^) 

m,n,r,s ^ ' ^ ' 

Here the lattice structure was given a priori (no connection to A) and the role of A is played by 
_ q-m^ _ ^-n ^ ^01 the KP situation with (PI) A{z, C) = E a.mnz"'C {m, n G Z) 
one writes 

(2.4) Xa= j dsiVx[A]V^- Va ~ ^Sin{\ai-d)- vx[A] = ^ J dhe"'^^''''^^ + iXh) 

where z ~ e^' and C ^ with x ~ {x,p) so for A^n = one has (P2) Amni^ + «Ab) = 

e^'^ e^^ exp{iX{mh2 + nhi) = exp[m{p + iXh2y\exp[n{x + iXbi)] (note dx = Cd( = diog((), etc.). 
Then (specifying Vmn ~ ^m~n) 

(2.5) vx[Amn] = AmnS{m - ai)6{n + 02); 

^Amn = ^mn^mn = ^mn-^5'in[A(m9/og(f) - ndiog(z)] 

Further, for (P3) = z"^C''V^„ ~ z'"C"V™,_„, one has 

(2.6) -^A — ^ ^ CLmn^ C ^mn — ^ ^ ^mra^mn — ^ ^ Q-mra^Amn ' 

[^mn>^w] = ^5'm[A(np - mg)]X^+p_„+g 
and for f,gr^ A,B one has (P4) ] = with 

(2.7) {A, B}m = ^'S'm [A(5,og(^^)aiog(^2) - <9io(,(Ci)5/o3(22))] ^(^i> Ci)-B(z2, C2)|(^,c) 

Next recall from |5|, ^ 

(2.8) PF^ = ^jdaj (ibe*^(^^^)F^(x + (V2)b)A^ 
where < A*^, Va >= Sba and is the Wigner function 

Then for xf = hXf one has (P5) < Pp^^xf >= J dxdpF^{x,p)f{x,p) =< f >. For 
KP we have from [||, ^] 

(2.10) Fkp{z,C) = [ dxY,^l^{q'/^z)r{q-"^z)Q-' = Y^f^^z-^C^ 

Let now (P6) < A™", Vpq >= 6mpSnq and write for ^4 = ^ amnz"^C^ 

(2.11) np,, {z, 0=Y. /„„z-'"C""A™"; 



(2.9) F^ip, x) = ^ f dycp (x + ^y] 0* ( x - ] e'^^^ 
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In particular for = z^CJ^V mn one has 



(2.12) fmn =< ^F^p.Xgn >= - \ Ax ^ _^^™^(^-/2^)^* (<;-/2^) 

We now recall the Orlov-Schulman operators (cf. [|, |l|, 0, ||), i.e. (P7) z""(9f(/> = 
M^U^4> with flow equations dmi4> = -(M^L™)_0 for = Wexp{i) (i.e. z'^Sf ~ 9„£). 
Recall also = and 9„(/> = L!^(/.; from this (P8) (5„ - L!^)VF = W(dn - 9") and 
d^W = {dnW) + VFSn implies {dnW)W-^ = - Wd'^W"^ = -L"! or dnW = -L1W 
(Sato equation). Then one can rewrite the right side H of ( ^.12 ) in terms of the dmi- 



Indeed q^^^^'"il){z) = il^^q^z) and under a change of variables z — > (f'l'^z the integrand in 
( |2.12| ) becomes (dz/27riz)(g"/2z)™V'(g"z)V'* (z) so 



(2.13) E = - J dxj ^ (z™g'^[^^-+(™/2)V(z)) V*(2) 

One can write then for A = log{q) a formula (P9) q"-^^" = exp{nXzdz) = YI'q {''^^V {'^(^zV / j^- 



so 




(2.14) S = - / i y Sl^^^jQii^iz) 



y / dz^ ^z'^+J-^ditljiz)) ^*(z) 

Now from (P7) we can write (PIO) dmii' = -{M'^L"^)-tp with z"^ditp = M^L'^il} while in 
|3ll we have (Pll) dm+e,edlog{T) = §[dz/2T:i]{z'^+^dii;{z))^*{z) = Res{z"'+^dii^{z))i;* (z). 
There are various formulas in this direction and we recall some results from g |l|, |l|, 
48, Thus one has a lemma of Dickey that for P = ^i^d Q = X] Qkd~^ follows 

Resx{Pexp{Xx)Qexp{-Xx) = ResaPQ* (here x* = x, d* = -d, and (AB)* = B*A*). 
Now set = 1 + E^u-j^-J and (W*)-^ = 1 + ^'^w*d-^. The flow equations are 
dmU = dRes{U^) = dRes{LZ^) corresponding, for w = wi (with u = —dw), to —dmdw = 
dRes^L"") or dmW = -i?es(L™) = Res{L1}). One knows also (P12) Res{M'^L'^+^) = 
Res{z'^+'^d^ij)i^*. Further V'V* = 1 - Sri^i^/^*^^] with ~ d^, 82 - dy, ~ 9*, • • • . 
This corresponds to V'V'* = •s^z""' with dsn+i = dnU ~ 9s„+i = —dndw ~ = —dnW. 
Thus one writes 

(2.15) Res{z"'d'^i^)ij* = ResM^L"^ 

and in |3|] is defined via (P13) dkeW = —{M^L'')-W (additional Sato equations - 
cf. (P8)). Consequently using the Dickey lemma for w = wi and (P13) with Lip = zip 

and = {[L,M] = 1) one looks at dkew = -Resd{M^L^). Set P = Wx^d^ and 
Q = \w*)-^ so Q* = W-^ and PQ* = Wx^d^W'^ = Wx^W'^Wd^W'^ . Now one 
can define L, M also via L = WdW-^ and M = W{Y, ktkd^-^)W~^ so for V = wexp{i) 
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we have Mip = W{^ktkd'^~^)exp{^) = W{^ktkz''~~^)exp{S,) = Wdzexp{(,) = dz4> and 
Lip = Wdexp{£^) = zijj. Hence (e^^ replaces e^^^ in an obvious manner where C = X] ^n-z") 

(2.16) dktw = -ResQM^L^ = -ReSz{Pe^){Qe-^) = -ReSz{Wx^d''e^{W*)-^e-^) = 
= -ReSz[z''W{x^e^){W*)-^e'^] = -Res^ ( z''[dii;{zW (z)' 



Now in m there is some confusion about using §dz/2'Ki or <fdz/2TTiz as a symbol for a 
residue. If the former is adopted consistently then ( |2.14D becomes (via ( 2.16| )) 



(2.17) ^ = " / dxq"'''^^ ^^^es [(z™+-''-ia|V(^)) V'*(^)] = 

where u = —dw =^ w = —d~^d'^log{T) = —dlog{T) which leads to 

(2.18) H = / dxV„,n i-dlogir)) ; Vmn = g'""/' ^a„+,_i,,-; 

fmn =< ^FKPi^mn >= j dxVmn{-dlog{T)) 

Thus actually it is Fkp in ( |2.10| ) which generates Pmn via X!^^^ (which eliminates the amn 
in ( |2.1[l| )). One can write now 7)^ = X^flmn.^mn. with 

(2.19) < ^Fkp,X^ >= J dxVA{-dlog{T)) = A{t); 

drA = — J dxV A{drdlog{T)) = — j dxVAJr 

where = drdlog{T) is a first integral of KP (i.e. Hy = J dxJr is a Hamiltonian). Here one 
recalls that Sn+i = d~^dnU = dndog{T) = Jn are conserved densities (cf. ^ and note that 
the dsn+i = Kn+i = dnU are symmetries determining the standard KP flows). Note also 
that the Vmn flows are independent and commuting with the dr so Va is independent and 
commutes with dr- Now one deflnes (P14) — J dxVAJr = T^a ' ~ A " / dxJr where 
corresponds to a Hamiltonian vector fleld (e.g. Xf acting as X^g in (|2.2[ )); i.e. one writes 

(2.20) drA = {A,Hr}ff 

This is rather a stretch of imagination but perhaps morally correct at least since it is 
consistent with the Heisenberg notation (P15) dA/dt = {A,H}m- Here {A,Hr}^/' makes 
no recourse to phase space variables z, C, however and any relation to e.g. (^]^) is vague at 
best. As in we can say however that drA = ■ has the structure dr < ^Fkp ■> -^a >~ 
drA and one imagines e.g. a Heisenberg picture 

(2.21) dtX^ = -[X^,Xg] = X{a,h}m =dt < nF^,X^{t) >=< ilj^^^, ^^^^^ > 
(cf. also g§). 

REMARK 2.1. The q-lattice version (|2.3|) of phase space discretization was developed 



DISCRETIZATION, MOYAL, AND INTEGRABILITY 5 

following an analogue of Fourier transform techniques dealing with (|2.1| ) - ( |2.2| ). On the 
other hand (2^), derived via z ~ and C ~ e^, leads for q ~ exp{iX) to 

(2.22) ^1„^(C, z) = ^ [B{q"^C, 9""^) " B{q-^C, 9^^)] 



which has some similarity to Vmn9 of ( |2.3| ). In accord with procedures in [0] one might 
expect here a directive to modify A in the denominator of ( p.22 ) via e.g. {q'^ — q~^){q^ — 
q~^)zC,. At first sight one is tempted to look for as arising in vertex operators (cf. 

(2.23) X{z, C, t)r = *.(C'=-'=)eEr (--'=-C-'=)9./V = ^ ^'^ 'J' £ z-^-^VT-r 

m=0 ' p=—oo 

(where the are expressed in terms of currents involving time derivatives (?„) leading 
perhaps to a new perspective on vertex operators. The dynamical analogies are not im- 
mediately clear but an origin of spectral variables as phase space variables is suggested in 
Remark 4.2 via the anti-isomorphism of PSDO and the z-operators of Dickey (cf. |l9|). 
Nevertheless we give here for completeness a few more formulas involving vertex operators. 
Thus one can imagine of course a Taylor type expansion (cf. 0) 

oo /J, \m ^ 

(2.24) Xiz,C,t) = ? d^Xiz,C,t)\^=,; d^X{z,C,t)k=. = Yl ^"^""^^^ 

m=0 p=—oo 

which would suggest that for n G Z 

(2.25) Res[z^d^Xiz, (, t)] |c=. = ^r.^+i 

(i.e. n — p — m = —1) and for n = m + s this gives A variation on this (Adler-Shiota- 

van Moerbeke theorem) involves (P16) Res[z"^~^'^d^X{zX,t)\(=zT ~ W^'^^t / {m + 1) or 
more generally (cf. |l^, |9|) 

(2.26) _ (M-L-+^ ^ Y^+,^^i: ^ ^ ^ W^^^r 



ip ip ym + l)r 

where [exp{-r]) - l]f{t) = f{t - [z'^]) - f{t) via r] = dj/jz^ (note in (J^lEj ) the last 
term requires some z dependence - further in taking residues only a D{W"''^'^t /t) term 
arises). A possible way now to envision z,C, as phase space variables might be in terms of 
C ^ dz ov z 1^ L and ^ ~ M. We recall also from B that the generating functions 



(2.27) ^\=Y ^""""^p ; Jl = Y ^'"""Ji 

— oo — oo 

can be considered as stress energy tensors and (D ~ dx) 

(2.28) rm.t) = ±^^^ontl = 1 o /^ft".')- 

/ oo 

(2.29) ^V*(A,t)arV(A,t) =1? -^A-P-'^l^;(r) 

\ — oo 
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Hence from (2.29) 
(2.30) 



i?es[A^+>*(A,03];V(A,t)] 



Res 



D 



1 



{v + l)r 



-p+£-l^?;+l 




which is consistent with ( |2.2 



In connection with KP and Moyal we add a few results from [^] (cf. also H, 
Thus let M = M © T where T ~ times and for some * product on M write 



(2.31) 



u{x, t) * v{x, y) = exp ( kuj 



; d d 
dx^ dx^ 



u{x, t)v{x, t) 



(note Xf = u;^^{df{x, t)/dx^){d/dx^) will be time dependent). Let L = 8 + ^"^ Un{x, t)d~^ 
be the Lax operator for KP. One then applies the geometrical framework to obtain a Moyal 
KP hierarchy KP^, based on deformation of dKP, which is equivalent to the Sato hierarchy 
based on PSDO. Similar calculations apply to Toda and dToda, KdV and dKdV, etc. 
Further the geometrical picture can be phrased in the Sdiff2 format with £., A4 etc. It 
seems from this that if one starts with dKP as a basic Hamiltonian system with Hamiltonians 
Bn and standard P brackets then KP^ can be considered as a quantization of dKP is some 
sense with quantum integrals of motion Bn{K) which for k = \ say is equivalent to KP (or 
K = 1/2 in [^]). The Bn{K) would perhaps have to be extracted from KP after establishing 
the isomorphism (cf. |27]) and we turn briefly to this approach now. Thus in [27| one writes 
the Sato KP hierarchy via {v^2 = 1) ^-i = 0) 



(2.32) 

for X = {x,t2, ■ 
(2.33) 

where A™ ~ (A**") 4 
(2.34) 
leading to 
(2.35) {f,g} 



-n-l 



d^L = [L^,L] (m > 1); L = Y^Vn{x)d- 

-2 

while the Moyal KP hierarchy is written via {u-2 - 
00 

A = ^^z„(x)A-"-^ d^A = {A^,A}m {m > 1) 

-2 

4_ with 



1, u. 



0) 



j=0 



uu „ 2s+l /„ I 1 \ 

z.(2, + i)!Z.^ H J y 



Note /zm«;_o{/, 5}k = = fxdx - fx9\ so {KP)m dKP as k ^ 0, namely dmA = 

{A'J^,A} with A*" ~ A---A. The isomorphism between {KP)sato and {KP)m is then 
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determined by relating w„ and n„ in the form (k = 1/2) 



(2.36) n„ = ^ 2 



n 

' n 







where n = 0, 1, • • • and = divQ. 



Let us recall the KP^ theory of 56] where dKP is built up as follows (cf. |,|ll|,|l|, 



We will assume some familiarity with KP and dKP as in [g[ and only recall formulas 
(extensive references are given in j5|). Then the KP Lax operator has the form (P17) L = 
d + with U2 = u and Ui = Ui{x,Xn) where xi ~ x. The Xn (or equivalently 

tn) for n > 2 correspond to time variables with flows (P18) (9„L = [Bn,L] for i?„ = 
L". There is a dressing or gauge operator (P19) W = 1 + determined via 

L = WdW~^ {d = dx)- For wave functions or Baker-Akhiezer (BA) functions 'iIj{x,X) = 
Wexp{i), i = ^n^" one hs Lip = Xip and dm^P = Bm^. Further ip* = {W*)-^exp{-^) 
and L*iIj* = XiP* with dmi^* = -Blip* (here = {L*)\ and d* = -d). The equation 
(P20) dnW = —L^W is called the Sato equation. Concerning A derivatives one has 

(2.37) tpx = W kxkX'''^^ expiO = Mi^; M = W kxkd''-^^ W'^ 
and [L, M] = 1. The tau function arises in a vertex operator equation (VOE) 

(2.38) iPix,X) = ^ = e^^- = '-r(x,-±- 

T T T \ jXl 

The Hirota bilinear identity is (P21) = 'Pix, X)ip*{y, X)dX, where C is a circle around 
A = oo, and this leads to various Hirota bilinear formulas. In particular one has {d ~ (dj/j)) 

oo / oo \ 

(2.39) ^p„(-2y)p„+i(5)exp ( ^%-5,J r • r = 

where thepj are Schur polynomials and (P22) dj^a-b = {d"^ /dsJ^)a{tj + Sj)b{t— g — Sj)\sj=o- 



The KP equation is included in (|2^ ) in the form (P23) {d^ + 3di - 4:did3)T • r = 



REMARK 2.2. For dKP traditionally one thinks of fast and slow variables eti = Ti 
(shifting now Xi — > ti for i > 2 with xi ~ x) and dn — > ed/dTn with d = dx ^ edx and 
dx^ —> {l/e)d'^^ . Then one writes Ui{x,tn) Ui{X, Tn) and this passage (where one usually 
assumed Ui{X/e,Tn/e) = u{X^Tn) + 0{e) has always seemed unrealistic; however in certain 
situations it is perfectly reasonable (see e.g. ^] under (X, ■0) duality). A priori if one 
simply substitutes in a power series (P24) Yl dax'^^t'^^ ' " OaC"^ "'^"^T2*^ • • • there 
will be horrible divergences as e — > so one is led to think of sums of simple homogeneous 
functions (e.g. /(x,t„) — > /(X/e,T„/e) = e''Fj(X, T^) with sums as in (P24) yielding 
terms with — > 0. Note that this can be achieved for arbitrary powers of x and a finite 
number of t„ (2 < n < N) by insertion of some suitably large negative power of say t^+i 
in each monomial; then one could worry about the meaning of tj^+i later. Perhaps this is 
an argument for some ultimate projectivization via T/v+i corresponding to some universal 
time. ■ 
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In any event for dKP one writes (T ~ {X, r„) - cf. |, |rT|, ||, [S^l) 

oo oo oo 

(2.40) L, = ed + Y,Un+i{e,T){ed)~^; M, = ^ + 



Vn+l 



[e,T)L-, 



-n-l 



with n„+i(e,r) = Un+i{T) + 0(e) and Vn+i{e,T) = K+i(r) + 0(e). Then set 



(2.41) 



i + o(- 



1 



exp -S{T,X) + 0{1] 



exp 



F{T) + O 



Setting P = Sx with (P25) T(r - (l/nA"))ej;pE~ r„A"]/r(r) one obtains 

oo oo oo oo 

(2.42) x = p+Y, Un+iP""; p = ^-Y. ^ = Y. + E ^"+1^" 



-n-l 



En 7 O' 
'^nmO 



1 11 

!B„ = bnmP'^ ~ A!;: leading to (note 9„M 



along with (P26) B, 

[Bn,M]) 

(2.43) 5„A = {QS„,A}; 9„9Jl = {*B„, OTt}; {A,97t} = l 
where {A, 5} = dpAdxB - dxAdpB. 

Now return to |§ (sketched briefly in ( pl| ) - dOBD). Note X;-2 w„(5)9-"~i = 5 + 
uo9~^ + - • • corresponds to (PIT) with index changes and w ~ u, while A = Y1^2 Un{x)X~^~'^ 
corresponds to A = A + uqX~^ + • • • which corresponds to (2.42) with A ~ P. Thus we see 
that the Moyal bracket in (|2.35| ) for example involves X and P derivatives where {X, P) is 
the natural phase space for dKP. The connection between {KP)sato and {KP)^^ for A = 1/2 
is obtained by relating Un ~ C^n+i in dKP to w„ ~ Un+i in KP. It is important to realize 
here that no scaling is involved in p7| , |5^ . In any case one can formulate the KP hierarchy 
as a quantization of dKP under the Moyal bracket. The actual correspondence (2.36) is 
not important here (see also below) and one could simply define KP as [KP)^ for k = 1/2 
and express it through phase space (X, P) Moyal brackets. We will discuss below similar 
correspondences for q-KP and dKP under suitable q-Moyal type brackets. In this direction, 
following 1 56 1, one would have 

(9A 

(2.44) ={<B„,A},; !B„~(A* 



* A)+; 



dtm dt 

n 

3. REMARKS ON Q-KP 
There are various approaches to q-KP and we mention e.g. 



22, 23 



35|, |39|, ^,J54|5|J6^, m. We will not dwell upon q-nKdV or q-NLS here, nor upon discrete 
KP as in iTili^Let us rather follow 1^, H] at first in writing (P27) Df{x) = f{xq) 
with Dgf{x) = [f(xq) — f{s)]/x{q — 1) and we recall 

fc-i 

(3.1) (a;g)o = l; {a;q)k = - aqj, 



(l-g")(l 



,n-l 



)•••(! 



-.n-fc+l^ 



(l-(?)(l-g2)...(i_g^ 
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Then using (P28) D^{fg) = Ylo one obtains a formula (P29) DJ/ = 

(fc)g(^""''^Q/)^g'^ (n G Z and this is shown to be correct via (P30) D^{D^f) = 
jjni+nf (proved in H). This leads to the formal adjoint to P = as (P31) P* = 

YliDgYai where D* = -(l/q)D^/q and the result that (P32) {PQ)* = Q*P*. Now consider 
the formal q-PSDO (P33) L = Dg + oq + YIT ^i^q^ leading to the q-deformed KP hierar- 
chy (dL/dtj) = [{U)^,L] (this differs by a factor of x(l — q) from the definitions in p4[). 
Let S be the PSDO (P34) 5 = 1 + WkD'^ satisfying L = SDgS-^ (whose existence 
is proved easily). The vector fields d/dtj can be extended via (P35) (dS/dtj) = —{U)^S 
and will remain commutative. One uses now a nonstandard definition 

(3.2) expg{x) = 22 (^q-q)^ ^ 

and Dgexpg{xz) = z^expg{xz). One uses also the notation (P36) P\x/t = '^Pi{x/t)fDg 
when P = ^PiDg. The q-wave function Wg and its adjoint w* are defined via 

(3.3) 

Wg{x,t) = Sexpg{xz)exp ^^^Uz"^ ; w*g = {S*)~'^\x/gexpi/g{-xz)exp ^-^ifc^:''^ 
One can easily show (as in the classical case) 

(3.4) Lwg = zwg] dmWg = {L'^)+Wg; L*\x/gWg = zwg] dmW*g = -{L'^\xig)\w*g 

One uses the standard notation (P37) resz{^aiz^) = a_i and resD^iJ^^i^q) — ^-i and 
proves an analogue of Dickey's lemma, namely 

(3.5) res-z{Pexpg{xz)Q*\.j.igexpiig{-xz)) = resDq{PQ) 

Further a q-bilinear identity is proved in the form (P38) res ziDgd'^WgW*) = 0; the converse 
is also true. In addition given formal series 



(3.6) Wq= 1 + w^i-z * expg{xz)exp t 





Wg 



' oo \ / oo \ 

1 + '^w*z'''\ expi/g{-xz)exp {-"^tiz'j 

with (P38) holding for any n € Z-|_ and any multi-index a with nonnegative components 
Oj, then the operator L = SDgS~^ where 5 = 1 + "^WiDg^ is a solution of the q-KP 
hierarchy with wave and adjoint wave functions given by Wg and w*. As a consequence one 
can prove the existence of a quantum tau function. Indeed let (P39) Wg = [expg{xz)]~^'Wq 
and Wg = [expi/g{—xz)]~^Wg. A little argument shows that there is a function Tg{x;t) such 
that 

(3.7) Wg = :^iM^^exp f f; tA ; w*g = ^iM±Iple.p (- tA 
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Equivalently then one can write 

(3.8) Wq = — expq{xz)exp I } Ji 

rq[x;t) 

, Tq{x-t+[z-^) 

Wq = :^rj^^ expi/q[-xz)exp 

It follows that if Li = d + aid""^ with d/dti is a solution of the KP hierarchy with tau 
function r, then 

(3.9) Tq{x; t) = T{t + [X]q)- [x]q = {x , ^^^^^x\ ^^^^^x\ • • • , ) 

is a tau function for the q-KP hierarchy. Finally applications to N-qKdV are given and in 
particular for L = + (^ — l)xuDq + u a. solution for qKdV one has 

d 

(3.10) n(x; t) = Dq—logTq{x; t)Tq{xq; t) 

This via 5 = 1 - [d / dti)logTq{x- t)D-^ + ■■■ and 5"^ = 1 + {d/dti)logTg{x; 1)0'^ + ■■■. 



We recall also the standard symbol calculus for PSDO following e.g. Eq, 47, 58]. First 



one recalls fro m p^ ] the ring 2t of pseudodifferential operators (PSDO) via PSD sym- 
bols (cf. also for a more mathematical discussion). Thus one looks at formal se- 
ries (P40) ^(x,^) = Yl^oo'^ii^)^^ where ^ is the symbol for dx and ai{x) € C°° (say 
on the line or circle). The multiplication law is given via the Leibnitz rule for symbols 
(P41) A{x,i)oB{x,i) = ^k>^{l/k\)A\{x,i)Bf\x,i) where A\{x,£,) = E-oo «^ ^(e)^') 

and Bi^\x,^) = J2"^oob\^\x)C with bf'\x) = d^bi{x). This determines a Lie algebra 
structure on 2t via (P42) [A,B\ = Ao B - B o A. Now let A be a first order formal PSDO 
of the form (P43) A = dx + X^Z^ ^i(^)^x where x ~ (x, t2,t^, ' ' ' )• Then the KP hierarchy 
can be written in the form (P44) (dA/dtm) = [(^'")+;^] which is equivalent to a system 
of evolution equations (P45) (dai/dtm) = fi where the fi are certain universal differential 
polyomials in the Oj, homogeneous of weight m -|- |i| -|- 1 where a-^_ - has weight \i\ + j + 1 for 
a-' ~ dia. 

Somewhat more traditionally (following |58] - modulo notation and various necessary 
analytical details), one can write 

(3.11) Au{x) = (27r)-i j e^^-^a(x,e)n(Oc^C 

where n(^) = j exp{—ix ■ ^)u{x)dx. One takes D = {l/i)dx and writes a = symb{A) with 
A = op{a) ~ A where the • is to mod out (we will not be fussy about this and will 

simply use A) . The symbol of A o is then formally 

(3.12) (a06)(x,e) = j;l9fa(x,0^°6(x,0 
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corresponding to (P41), while [A, B] = AB — BA corresponds to the symbol (P46) {a, 6} = 
{da/di){dh/dx) - {da/dx){dh/dC). One notes that PiDyr = P{Cjf. In any event it is clear 
that the algebra of differential operators on a manifold M (quantum operators) may be 
considered as a noncommutative deformation of the algebra of functions on T*M defined 
by canonical quantization via the symplectic form uj = ^dpi A dx*. The extension to 
PSDO brings one into the aena of integrable systems etc. Thus in a certain sense KP is an 
extension or generalization of quantum mechanics (QM) based on the ring of PSDO (PSDO 
of all orders arise via in the higher flows). 

In for example one extends matters to q-derivatives dqf{z) = [f{qz) — f{z)]/{q — l)z 
via (P47) dq{fg) = dqU)9 + r{f)dqg where r(/)(z) = f{qz) (note d^r = qrdq). PSDO are 



defined via (P48) A{x, dq) = YZc 



{x)dq with dqU 



(3.13) 



k>0 



d^qU 



k -k{k+l)/2i 



{dqu) + T{u)dq and one has 



-\d^qU))dq 



k~l. 



Recall here 
(3.14) 



1 



E 

k>0 



m 
k 



n 
k 



{m)q{m -l)q---{m-k + l)q 



Then the q-analogue of the Leibnitz rule is 
(3.15) 



{lU2)q---{k)q 
Ai.A)Bix,dq)=^J^X^A).id^qB) 



k>0 

-^ifd^) = («),(« - 1), • • • (a - + l)qfd^-'' 

One also uses the rules (P49) f * dq = fdq, dq * f = T{f)dq, and d'^ * f = T~^{f)dq^- 
Then set Lq = dq + ui{z) + U2{z)dq^ + U3{z)dq'^ + ■ ■ ■ and one has q-KP via (dLq/dtm) = 
[Lq, (L™)+] where the order is different in [, ] and ui{z) has a nontrivial evolution because 
of (P49). 



In accord with the procedures of [p7| , |5q| we should now represent the ring 2lg of qPSDO 
symbols via a product as in say (P41) and thence provide expressions for deformation 
thereof. The X and P variables should come from the phase space for dKP. Evidently 
the qPSDO symbols will involve a variation on ( 3.15D (cf. ( 3.12| )) and in view of the lovely 
development sketched above from |3C] it should be better to phrase matters in that notation. 



Thus use (P33) where Dq ~ dq and from (P28) one has Dq{fg) = f{qx)Dqg + {Dqf)g{x). 



Thus the rules of 
(P29) and (P30)) 



should apply to Dq with suitable embellishment and we look at (cf. 



(3.16) 



— QO 



ai(x)D: 



n n n oo / . \ 

Eb,{x)Dl = Y,a,{x)^Y.[ I ) (^^"'^'^. 

—oo —oo —oo 9 



12 



ROBERT CARROLL 



UNIVERSITY OF ILLINOIS, URBANA. IL 61801 



fc>0 i,j 



{D^-^D^^hj{x))D\ 



This amounts to ~ Dq 

(3.17) " 

leading to 

(3.18) {a, 6} 



{D^-'D'bjixm 



kf 



ci+j-k 



a,{x)[ ; ) D'-^D^^b,{x)-hj{x) 



k>0 i,j 

Another way of writing this could be based on (cf. (P41)) 

(3.19) ^4 ~ E f n ^^{^)e-'D^-'■, 4'^ = E ^'M^^^' 



thus as symbols 

(3.20) aob^Y 7^44'=^; {a, ~ E 7^ (^^'^^ " ^'^'^^ 



/c>0 



fc>0 



more in keeping with ( p.l2| ). In this direction one could write e.g. t] = k with 9^ = 
Kdi: and (P50) {l/{k)q\)d^A ~ (KV(A:)g!)a|^ (cf. (|3l9|) ). Then define (P51) {a,b}^ = 

X]fc>o('^*^/(^)'j')(^f -^^'^^ ~ -B|^^i'^^)- In any event we have shown heuristically (see Section 
4 for more detail and enhancement) 

PROPOSITION 3.1. The calcuh of PSDO and q-PSDO correspond symbohcally via d ~ 
Dq = dq and suitable insertion of D ~ r factors along with q-subscripts (individual terms 
may differ because e.g. brackets [ , ] have different degrees, etc.). 



log(q) and 



We note from |14| an associative q-Weyl type star product based on (z/ 
^ = 0) 

(3.21) *'^^ = exp(^-^ d xxpd p- d ppx d : 

which essentially corresponds to our formula (4.14) in Q, namely 

(3.22) {f,g}M ~ f{xq-P^^,pq^'>^)g{x,p) - g{xq-P^- ,pq^^^)f{x,p) 

This is however quite different from our version ( |2.2D (with Xj^g ~ {/,5}m) and it is 
different also from (12.31). Some obstacles to the use of a D„ version of (pD for a Weyl 
ordered q-plane with PX — qXP = ih are discussed in [14]. In particular the lack of a 
complete basis is indicated and it may be that some version of (|2.3| ) will circumvent this 
problem. We note also that (P51) for example arising from the PSDO calculus (|1|) - 



( 3.20| ) etc. is different from the associative star products suggested in |14] of the form 



above and {v = log[q) and /i = 0) 



(3.23) 



*| = exp{v d ppx d x); *A = exp{-v d ^xp d p) 
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Here we apparently must identify ( 3.2C|) and (P51) as the algebra of qPSD symbols or 
operators while expressions such as ( 3.21 ) or ( |3.23| ) (and perhaps (^)) would correspond 
to q-Moyal type deformations of dKP; their relations should then be determined. We note 
also the (possibly nonassociative) Dq versions of *^ and *\ from |14| for h ^ namely 
(here apparently [m] ~ (m-)g ~ {q"^ — l)/{q — 1)) 



(3.24) 



*s 



^ YY- D^expiv d ppx da:)Dl; 



r=0 



s=0 



r=0 



We recall from |2^ that standard ordering S here means x'^p^ — > while antistandard 

A means x'^p^ — s- p^x"^. Thus we want to compare (P51) with ( p. 21 ), or ( 3.23| ) or (3.24) 
and in view of the Dq operators we probably want ( |3.24[ ) or a Weyl form of this. Recall 
that for h> = log{q) one has exp{vpdp) f {p) = f{qp) and e.g. 



(3.25) 



f{pq-''^^)g{x) ~ j;/„p^-""^^5(x) = j;/nP"5('Z~"a 



Thus writing out the first equation in ( |3.24 ) for example one gets (2) = Dq) 

(3.26) f*s9 = Y. ^%fix,p)e''^^P''^^^:gix,p) 

^^>i- 

Before embarking on questions of comparison a la p7|, 



pv^ let us recall some results from 
|21|. Here one considers star products of the form (P52) fi^g = fg + Yln>i ^"-^n(/)9) 
where the Bn are bilinear differential operators. In particular in |21| one shows that any 
bracket of the form 



(3.27) 



{/' 5} = E E E E br.Mdidl-^fMd^y-'g) 

r=l s=l j=0 k=0 

&00,11 



may be transformed to one with 6oo,io 
Jacobi identity must be of the form 



and any such bracket satisfying the 



(3.28) 



{/, g} = J2 A^^' E E Kjkididl-^fMdl-'^g) 



r=l 



j=0 k=0 



By suitable hocus pocus one shows also that ( p.28[) plus Jacobi is equivalent to Moyal. Note 
here that ( 3.36| ) below is of this form with ft^ro 7^ 0, ft^Or 7^ 0, and all other coefficients equal 
0. Also 6110 = 6101 (as required) and the Jacobi condition for {f,g} = {l/h){f^g — giff) 
can be proved directly via associativity of (exercise). Thus 



(3.29) 



{{f,9},h} + {{h,f},g} + {{g,h}J} = 
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REMARK 3.1. We recall here the argument in |^] relating KP and cLKPm- Here 



(3-30) {/, 9}. = E fe^ E (-1)^- ; ') (di^-^-^m 

^ ^' j=0 \ J / 



|2s-j+l 



gives an expression for cIKPm- 

In order to establish an equivalence to the KP hierarchy, based on PSDO of the form 



(3.31) 

one looks at 
(3.32) 



a„L= [(L") + ,L]; L = d + J2Mx,ti)d-^ 



dn\ = {(£")+,£}; £ = P + E 



and compares ( 3.30 ) with a bracket allegedly based on PSDO of the form (cf. ||& 

oo 2n+l 

(3.33) {/, g}'^ = E [df^'fdl-^'a - df^'gdT^^f 

Note here from (P41), (|1|), etc. (P53) AoB = ^(1/A;!)a|^(x, ^^^^(a;, ^) so (cf. (P41) 
and 0) 



(3.34) Ao^B = Ae'^^i^^B = ^—d'^Ad'^B 

and the bracket based on this is not obviously the same as ( ^.33 ) or equivalent. Note also 

(3.35) Ao^B = A{x, i + Kd^)B{x, 0; Bo^A = B{x, ^ + Kd^)A{x, 

We see however that (P54) {1/k)A o^B - B A) = {A,B}^ is of the form (|]2|) with 
ferro 7^ 0, 6rOr 7^ 0, and all other coefficients equal 0. Also 6110 = — ^loi and the Jacobi 
identity will follow from associativity so in fact a bracket such as (P54) is equivalent 
to Moyal in the symbols involved. Note here that associativity is not obvious however 



(although asserted in [|38| , ^]) and (3.36) below was only asserted to be associative in 
(not proved). Let us clarify this since it is not entirely trivial. Thus consider ( |3.34| ) along 
with e.g. (more on this below - cf. Remark 3.3) 

/*5 = f9 + Y. ^-^P'^d^fx^d^g ~ [g-"'^^'^^''/(x,p)5(x',p')]|x,p 



(3.36) 

n>l 

while (P55) A B ~ e'^'^"^^' A{x,^)B{^' ,x') (x' x, ^' ^ In fact associativity for 
Ao,^ B is proved in |4^ (note the k can be absorbed in ^ by rescaling). The trick is to use 
the formula 



(3.37) 



(an(&r) = aE(^)^x&c 

fc>0 ^ ^ 



n—k+r 
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which shows that (for k = 1) 

(3.38) A i? = ^ ^.^T^d^B = 

= E E - 1) • • • (n - - + ■ E t'^' = E (;;) ^r^^' 



15 



n— m+j 



Now for associativity one checks that (P56) [^"'{aS,^)]b = £,^[ia(,"')b]. Thus the left side of 
(P56) is 



(3.39) 



E 

7>0 



''=E<'''"'""(!)( 



n\ f n + r — 'J 



n+r'— 7— A* 



and the right side of (P56) is 
(3.40) f 



7>0 a,f3>0 ^ 



n\ r 



a,/3,7>0 

For (P56) one needs then (n, r S Z, 7, € Z 

/n + r — J 



(3.41) 



7, 



E 

a+/3=7+/i, o,/3>0 



To prove ( |3.41 ) one can start with 



(3.42) 



7! 



n 



7, 



(l + xr-^il + yY 



\y=x 



d2ii + xni + yy 



and picking out the coefficients of on both sides gives 



(3.43) 



n\ f n + r — J 



7. 



coeff 



1 

7! 



y=x 



y 







E 



n\ I r \ a 
^ , . ,x^ 'x 



E 

a+/3=7+/i 



(cf. also 1^^). Associativity for conceivably follows along similar lines. 

REMARK 3.2. Thus, although the origin of ( p. 33 ) is unclear, it is sufficient to work 
from the original PSDO bracket (3.34) and use |21[ | to assert that all of these brackets are 
equivalent to Moyal (equivalent means up to a change of variables). A specific correspon- 
dence as in [^] is not needed then to assert indirectly that q-KP is equivalent to cLKPm as 
in ( p.36| ) once it is clear that q-KP corresponds to KP. ■ 



REMARK 3.3. The form ( p.36|) comes from a q-plane construction as in |4^ (cf. 
also |61| and Remark 3.5). Thus one writes (P57) xp = qpx and Sl^, = C[xi,X2]/9^ where 
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yi ~ (P57). We recall that if ~ are corresponding commuting variables (corresponding 
e.g. to some ordering and isomorphism as in ^, |l^, ^]); then using a Fourier transform 

(3.44) fik) = <fxe-'^^^'f{x) 
a unique operator 

(3.45) WU) = <fke'^^^'~f{k) 

replaces by in the most symmetric manner (Weyl quantization). If the have Her- 
mitian properties then W{f) will inherit them for real /. Operators defined by ( 3.45| ) can 
be multiplied and one wants to associate them with classical functions. If such a function 
exists we call it f^g defined via (P58) W {f)W {g) = W{f^g) or more explicitly 

(3.46) WU)W{g) = I d^kdHe^'^^^'e^'^^' f{k)m 

If the product of exponents can be defined via the Baker-Campbell-Hausdorff (BCH) formula 
then f^g will exist. This is the case for a canonical structure (P59) exp{ikiX^)exp{iijX^) = 
exp{i{kj + £j)x^ — {i/2)ki£j9^^). In fact one can compute {fifg){x) from ( |3.46| ) and (P59) 
by replacing x with x, i.e. 

(3.47) firg = Ao / d^kd^£e^'''^+'^^-'-('/^^''''''^ f{k)g{£) = 

(2vr)^ J 

= e^"'''^^''''y^f{x)g{y)\y^. 

which is the Moyal product. For the q-plane the BCH formula cannot be used explicitly 
and the Weyl quantization ( 3.45| ) does not seem to be the most natural one (cf. @|). 
For now, in terms of algebraic structure only, any unique prescription of an operator with a 
function of classical variables will suffice. This could be e.g. normal order where x operators 
are placed to the left of y operators (or better here x'^p"- corresponds to xp order). Thus 
define (P60) W{f{x,p)) =: f{x,p) : and (P58) becomes (P61) : f{x,p) :: g{x,p) :=: 
{fi^g){x,p) : which for monomials is 

(3.48) x™p"xV = : x>" :: xV := g""" : : = 



This generalizes for power series to 

(3.49) fi,g = q--'^^'P^-f{x,p)g{x'y%,^,,,,^^ 

which is ( |3.36| ). One could equally well have used px ordering or Weyl ordering here. For 
mononomials of fixed degree the xp, or px, or Weyl ordered products form a basis. We 
recall for / = ^ fmnx"'p"' 
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For the q-plane the form (P58) provides a formula (P62) W{x^x^) =: x^x^ : (with say xp 
ordering) and leads to 

(3.51) /*5 = f9 + yZ -S-hTipdpTfixd^f 

n>l 



which is ( |3.36|) . Note for f,g of the form / = X] fmnX"^P"' with m > and — oo < n < N 
( 3.36| ) or ( |3.5lD will have the same form. For this, working with xp ordering, we recall 
x"^p^x°'p^ = q-'<^°'x'^+'^p^+^ and if n = —rj we get q^"" as a multiplier. This is consistent 
with moving p~^ past with p~^x = qxp^^ (from xp = qpx). Hence the formulas ( 3.4§| ), 
(|1|), and (|3^ ) remain valid. ■ 

In addition to the constructions for q-KP in (3.1) - ( |3.9D we mention here the Frenkel 
(F) and Khesin-Lyubashenko-Roger (KLR) versions of q-KP (cf. ^]). Thus write 

{t = {tl,t2, ■■■), h X) 

(3.52) Q = D + ao{t)D^ + a_i{t)D-^ + • • • ; Qg = Di + 6o(t)D° + b_i{t)Dg^ + ■■■ 

where Df{x) = f{qx) and Dqf{x) = [f{qx) — f{x)]/{q — l)x. The F and KLR hierarchies 
are defined via 



(3.53) g = [(Q")+, Q] in^ = Q,] (KLR) 



and there is an isomorphism (P63) " : Dq D mapping the F or KLR systems into the 
discrete KP hierarchy (cf. |^ |^, |l^] - we omit here a discussion of discrete KP). These 
systems are equivalent by virtue of a correspondence 



(3.54) a,{y)= ^ 



k + i 
k 



Consider now a suitable space of functions f{x) represented by "Fourier" series (P64) f{x) = 
E-oofnMx) for M^) = S{q-^y-^x) for g / 1 and y € K. Set = U'Xo = Kyq')] 
then the Fourier transform / — > 5/ = (' ' ' ;/nr'')nez induces an algebra isomorphism 



^ 2) via 



(3.55) ^ ai{y)D' ^ a^A* = ^ diag{- ■ ■ , ai(xg"), . . . )„gzA 

where A ~ {Si,j-i)i,jez is a shift operator. In addition 



(3.56) ^b,iy)Dl = ^ai{y)i-XDy ^ e (^a,A^ e 



-1 



where 



(3.57) e = diag (■■■ , \-2X~1, -A_i, 1, -r^, - , I . , • • • ) ; eo = 1 

V AqAi A0A1A2 / 

In any event we have seen that the calculation of PSDO symbolically corresponds symbol- 
ically to qPSDO (Proposition 3.1). Further from |21| we have seen that all Moyal brackets 
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based on an associative star product of the form (P52) are equivalent. Consequently one 
has heuristically (cf. also Section 4) 



PROPOSITION 3.2. Given the associativity of asserted in Q it yields a Moyal 

bracket equivalent to the standard one; this applies also to the associative star products 
(3.21) and ( 3.23| ) and to ( |2.3D provided it is associative. Hence (IKPm based on any such star 
product is equivalent to KP via ||2^, ^] and thence to qKP symbolically as in Proposition 
3.1 (embellished as in Proposition 4.1). The fact that q-plane structure led to ( 3.36| ) is 
immaterial here given its associativity. 

This seems reasonable since knowing that KP is a "quantization" of dKP under a suitable 
Moyal bracket (and hence a generalized quantum theory) one would expect the isomorphic 
theory qKP to be some kind of quantization of (IKPm under equivalent Moyal brackets as 
indicated (cf. Proposition 3.1 and Proposition 4.1 for the correspondence KP qKP). 
Explicit examples of comparisons as in [ 



56| would be useful (cf. Remark 3.4). 



REMARK 3.4. For a start in this direction explicit calculations to compare e.g. qKP 
and dKP^ can be carried out using the compatibility conditions (P65) D^p = q~^pDx and 
qxDp on the q-plane {D ~ Dq)- This can be confirmed as follows. From |37] one 



DpX 
has 

(3.58) D,{f{x)g{x)) = g{x)DJ{x) + f{qx)Dgg{x) 

Next note, in analogy to the formula from (based on ( |3.64| ), ( |3.65| ), etc.) 

(3.59) d1{fN{xN) ■ ■ ■ fl{xi)) = fN{qXN) ■ ■ ■ fi+l{qXi+i)Dq2fi{Xi)fi-i{Xi-i) 

we have e.g. 



(3.60) 



Dp{f{x)g{p)) 



-f{x)[g{qp) -g{p)] 



Now xp = qpx so p ^x = qxp ^ and p ^x™" = q^x'^p ^ leading to 



(3.61) 



Dp{f{x)g{p)) = f{qx) 



gjqp) - gjp) 
p{q - 1) 



f{qx)Dpg{p) 



Similarly (P66) Dx{f{x)g{p)) = {Dqf{x))g{p) and we ask what this means for xDp and 
pDx- From (|3.6l|) one has (P67) Dpf{x) = f{qx)Dp so DpX = qxDp. As in ( 3.61J ) we 
look at Dx{g{p)f{x)) and note that p^^x 



— 1 V 

X p 



(3.62) 



q "p^x ^ so 



qx '^p or X ^p 



q ^px ^ which means that 



Dx{g{p)f{x)) = g{q-'p) 



fiQx) - fix) 
x{q - 1) 



g{q-'p)D.J{x) 



Consequently (P68) Dxg{p) = g{c[^^p)Dx and DxP = q^^pD^ in agreement with (P65). 
For the calculations one starts with (P69) A = £ = p + ao + X^i^OiP"*; = SL\ = 
p^ + uip + uq where Oj = aj(x, t) and Ui = Ui{x, t) with e.g. ~ A-^A. One computes e.g. 
di\ = {A^, A}^ = A^-A'A — A-^A^ and compares with = [L^,L] based on L = Dg = 
ao + Y2 '^iDq^ and L\ = + uiDq + uq. Under certain conditions (oq, ai, mo; ui constant 
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in x) compatible equations seem to appear, modulo solution of second order difference 
equations 

(3.63) {Dl + 2ciDg + C2)a„ = 2ci(ci + 03 + • • • + a„_i) (n > 2) 

(cf. PI). ■ 



REMARK 3.5. We note here in passing another way of dealing with q-plane differential 
operators following ||5l| (cf. also |l^]). Thus one imbues the q-plane or Manin plane 

(cf. IQ) with the natural associated covariant calculus (cf. ( |3.64 ) - (|3.65| ) below). Thus 



we can treat the phase space as a q-plane = x and = p for say GLq{2) with rules 
{q ~ exp{h)) 

(3.64) xp = qpx; diX^ = qx^di {i ^ j); diX^ = 1 + q^x^di + q\ ^ x^dj 

j>i 

where X = q — q^^. Thus 

(3.65) d:,x = 1 + q'^xdx + {q^ - l)pdp; dpp = I + q^pdp; d^p = qpO^, dpX = qxdp 
Note here for example 

(3.66) dpxp = qxdpp = qx{l + q^pdp) = qx + q^xpdp] 

dpxp = dpqpx = q{l + q^pdp)x = qx + q^xpdp 
but a situation p ^ dx with px — qxp = ih is excluded (cf. 10). One denotes by Di ff ^2(1) 
the ring generated by obeying (P70) d'^x = 1 + q^xd'^ with d'^f{x) = [/(g^x) — 

f{x)]/{q'^ — l)x = Dg2f{x). We distinguish now scrupulously between d'^ ~ D^2, Dg, and 
dx,dp as normal q-derivatives. Introduce (P71) fik = ^ + Q^J2j>k^''^j ^° ^he last equation 
in ( |3.64| ) takes the form (P72) dix"^ = fii + x^di (note the are operators). Now there 
results 

(3.67) /ijX-' = xVi {i > j) fJ'iX^ = q'^x^fii {i < j); 

fiidi = djfii {i > j) Hidj = q'^djUi {i < j) 

which implies (P73) ^fij = fj.jfj.i. Next define (P74) X* = (/Lij)~^/^x* and A = qilJ^iY^^'^di 
from which follows 

(3.68) X'X^ = X^X'; D^Dj = DjDf, DiX^ = XWi {i / j); DjX^ = 1 + q-'^XWj 



Thus the relations in ( 3.64 ) are completely untangled. The Dj correspond to Dg-2 and evi- 
dently Diffq2{l) is isomorphic to Dif fq-2{l) since, for d'' = qfi~^^'^d'^ and y = /i^^/^x with 
operators x, d"^ satisfying (P70), one has d'^y = l+q~'^yS'^ . Further the ring isomorphism be- 
tween Di ff g2{l) (generated by (x,9'^) and Diff{l) (generated by (x,5) can be established 
viae.g. (P75) d" = {exp{2hxd)-l)/x{q'^ -1) (cf. (P70)). Thus exp(2;ixa)-l = x{q^-l)d'> 
or 2hxd = log[l+x{q'^ — l)d'^]. Since the ring properties are not immediate from this one can 
go to an alternative noncanonical isomorphism as follows (cf . |^ ) . Let x* be classical com- 
muting variables (here xj ~ x and x^ ~ p). Now choose some ordering of the nonclassical 
X* (e.g. Weyl ordering, or xp ordering, or px ordering). Then any polynomial P(x) can be 
written in ordered form and replacing x* by x* one gets a polynomial symbol (t(P) of classi- 
cal variables x*. This determines a symbol map a : C[x*] C[x*] which is a noncanonical 
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isomorphism (dependent on the choice of ordering) between polynomial rings. Then for any 
polynomial (pix^,) and any q-differential operator D one writes (P76) Dcp = a{D{a-\(j)))), 
i.e. D is the composition 

(3.69) C[xi] ''^ C[x'] ^ C[x'] ^ C[4] 

This provides a ring isomorphism of q-differential operators and classical differential oper- 
ators, the latter corresponding to polynomials in {x,p,dx,dp) with relations dxX = xd^ + 
1, dpp = pdp + 1, xdp = dpX, and pdx = dxP- The explicit formulas will depend on 
the ordering and are determined by di and x*. Note (P77) D1D2 = D1D2 since the 
Di : C[x*] —5- C[x*] compose multiplicatively along with the Di : C[x^] — > C[x*] under the 
given ordering. To see this note from D24' = <^(-^2(o"^^(0))) results 

(3.70) Di{D2(p) = <y{Di{cT-\a{D2{a-\(fy))))) = a{DiD2{a-\m 

As for orderings, matters are clear for xp or px ordering and hence will also hold for the 
completely symmetric Weyl ordering 

(3.71) a^y^r^Lj^ifj^'^'p"'^' 

^ ^ 

(cf. @). ■ 



4. DISCRETIZATION AND QUANTUM MECHANICS. 



We go back to earlier comments in Section 3 (after ( |3.12 )) which present KP as some 



sort of extension of QM related via Moyal to a phase space {X, P) and corresponding to 
dispersionless operators for dKP. The formation of q-KP and various q-Moyal brackets for 
dKP are present via Proposition 3.2 (in a somewhat dismissive manner) and we want to 
examine this further. Thus first look at QM and a q-QM obtained by replacing differen- 
tial operators in di by q-difference operators using d'^ for example. Take a 1-dimensional 
situation with x,p ^ dx as basic and recall from ( |3.13| ) that dgU = (dgu) + Tudg so the 
commutator relation [dx, x] = 1 goes int (P78) [dq,x] = dgX — xdg = dgX + {Tx)dg — xdg = 
1 -|- qxdg — xdg = l + {q — l)xdg = 1-|- (r — 1) = r. More generally one has Leibnitz formulas 
(cf. P13D) 



(4.1) d'^u = ^ d^ud'^-^ ^d'^u = Y^ (^) T"-^{d^gu)d^~^ 

k>0 ^ ^ fc>0 ^ ^ 9 



SO e.g. (P79) d'^u = (d'^u) + 2dud + ud"^ r'^udg -|- (1 -|- q)Tdgudg + udg. Recall here 

Given that the algebra of differential operators A represents QM one can define any iso- 
morphic object or "corresponding" object to also be a quantum theory (QT). Thus the 
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correspondence d ^ dq : ^ <-> Aq with Leibnitz rules as in (|4.1|) leads to an algebra iso- 
morphism. Indeed we can simplify here the formulas (|3.16|) - (|3.20|) via the symbol notation 



n n n i / .\ 

(4.3) Y.<'')^iY.^^w = ( J r*-'^.%(^)^r'+'' 

i=0 i=0 A;=0 ^ ^ 9 



whereas 



n n n * / • \ 

(4.4) aid' bjd^ = ( I ) d''bj{x)d'-''-^^ 

1=0 k=0 ^ ^ 

Thus in symbol form {d ~ ^) 

(4.5) y: ° E ^.-^^^ = E '^'"'^'"fcf"^^'^ «^e-^g.% (-)^^' 



= E ( J^cr«^^'&ie^' = E ^5|«(^'05>(x,o 

and for Dq ^ (as in ( p.l7| ) - ( 3.20 )) one takes ~ {d/d^)q to produce 

n 

(4.6) ^ a.r o = Y in^l^d'qb; 



k=0 



y I A:=0 ^ ^ 1 i k=0 ^ q 

since [iq ■ ■ ■ {i — k + l)q/kq\] = (^) . Now any product of two symbols has the form a o & as 
in (|1.5D and one wants to check uniqueness. Thus suppose 



n n 

(4.7) L = Y j^dlad'.b = Y ^d^^d^b = R 

k=0 m=l 

We note that dL/dbQ = a and dR/dbo = a so if we stipulate that bo = bo then a = a (note 
that bo only appears undifferentiated in the term d^ad^b = a(^Q6i^*) and in any event 
d{d"'bo) / dbo = d"'{l) = 0). Once we have a = a then one can equate coefficients of 9|a 
and d^a (taking m = k) to get d^b = d^b which will yield 6 = 6 (for analytic 6,6). Similar 

comments apply to (^]^) and consequently for 6, 6 with equal 6o we can look at ^ ^ as 
an algebra map with a o 6 <-> Og o 6^ ~ (a o b)q where powers of r must be inserted correctly 
(e.g. one could define here (P80) {d^)qC = iq ■ ■ ■ [i — k + \)q{T^y^^). On the other hand, 
if 6o / 6o set 6o = 6o + (6o - 6o) so that L = L = R- J2{l/m\)d'^ad!^{bo - k) and R 
involves the same bo = bo. Then dL/dbo = a = dR/dbo — a = d — a = 0. this says L = R is 
possible for nontrivial a only when 6o = bo- Thus Uq o bq can be written as in (4.6) with 
taken as a q-derivative (P80) in Aq. 
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Next we want to extend such arguments to the rings 21, 2t„ of PSDO and qPSDO as in 



(3.11) - (|3.20|). We can try the same procedure with 



(4.8) L = Y, Od'xBix, = Y1 Od'xHx, 0=R 

where A'^ = J2"^oo^ii^)'^^^^ ^^"^ d^B{x,£) = Y^^oo^xbji^)^'' • ^^^^ same reasoning apphes 
for h = producing A = A and 6o 7^ ^0 implies yl = 0. For the q-derivatives one 
modifies again the form of (9^)^ as in (P80) to obtain a ring isomorphism 21 <-> 21^. Hence 
Proposition 3.1 can be improved in the form 

PROPOSITION 4.1. The correspondence 21 <-> 2lg of Proposition 3.1 can be viewed as a 
ring isomorphism and thus one can claim that e.g. q-KP is a generalized QT. 

REMARK 4.1. One must be careful in relating discretization and quantization (cf. |^ 
for extensive comments on this). For example the Moyal bracket can be obtained by taking 
a continuous limit of a discrete dynamical bracket but discretization of the Moyal bracket 
does not lead back to the discrete situation (cf. [||, ^]). ■ 

REMARK 4.2. One can think of KP as an extended or generalized QT in two ways. 
The first way involving x, dx has already been indicated but one can equally well look at 



z, dz or L,M (cf. [|18|, |l^). This seems to be related to the development of |31, 32, 34| 



indicated in Section 2, and a logical background is the idea of z-operators and the action 



on the Grassmannian as in |18, |19[ (cf. also jsy, ^]). We give here a little background. 
Thus one writes z-operators in the form (P81) G = G{dz, z) = J2j>o i<io ^ij^^^z acting on 
formal power series f{z) = X^^^Jx) fkZ^ on the unit circle (convergence is not considered 
here). Operators (P82) G = 1 + Ylij>Q i<o^ij^^^z called monic. To any z-operator one 
assigns a PSDO (P83) ^G(x, d) = ^ aijX^d^ where T means z ^ d with dz x and the 
factors in reverse order. Evidently 

(4.9) f.g^TgTf. 

G{dz, z)e'' = ^G{x, d)e'' = G{x, z)e'' = ^G(x, z)e'^ 

In particular this is an anti-isomorphism PSDO z-operators. One recalls that the Grass- 
manian Gr consists of linear subspaces V C H {H {f{z), z € S^}) such that the natural 
projection V — i/+ is 1-1. It is then well known (cf. |5^, ^) that V € Gr =^ there 
exists a monic z-operator G such that V = GHj^ and if a z-operator preserves Hj^ then 
it involves only nonnegative powers of z. Let now t* = {t2,t'i,- ■ ■) and ^* = Y^'^tj^z''. 
Then V € Gr — > Vexp{—(^*{t*,z)) £ Gr so there is a monic z-operator W{t* ,dz, z) such 
that (P84) exp{-C)V = W{t*,dz,z)H+. Then as above (P85) W{t* , dz, z)exp{xz) = 
W{t*,x,d)exp{xz) = W{t*,x,z)exp{xz). Rence W{t*,x,z)exp{xz) = W{t* ,dz, z)exp{xz) G 
Vexp{-^{t*,z)) and W{t* ,x, z)exp{^{t, z)) £ V {i{t,z) = xz + i{t*,z)). This means 
(P86) i}v{t,z) = W{t*,x,z)exp{i{t,z)) is the Baker-Akhiezer (BA) function of the KP 
hierarchy based on L = W{t* ,x,d)dW~^{t* ,x,d) related to F G Gr. 

The flows V G{t)V can be related to the Orlov-Schulman operators and the Virasoro 
algebra in a natural manner (cf. ||T8| , [T9|). What one sees here is that the QT features of 
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KP based on x, d pass directly via anti-isomorphism to QT featm'es for dz, z (or M, L). 
In particular corresponding phase space variables could be viewed as C,, z (where C, ^ dz 'va. 
the same way as p ~ 9) and this gives us an entree to the use of C, as phase space vari- 
ables as used in and in Section 2. Thus in an obvious way one can expect Moyal type 
theory based on phase space functions A{z, Q to be deformation quantization equivalent to 
the generalized QT of z-operators which in turn is anti-isomorphic to the KP theory. The 
subsequent natural emergence of z-operators z, dz in various formulas then allows one to 
formulate the dynamical theory directly in terms of Orlov-Schulman operators as in Section 
2 and this could all lead to further perspective on vertex operators. ■ 
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